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Abstract
We prove that, for every ﬁxed surface S, there exists a largest positive constant c such that every 5-colorable graph with n vertices
on S has at least c · 2n distinct 5-colorings. This is best possible in the sense that, for each sufﬁciently large natural number n, there
is a graph with n vertices on S that has precisely c · 2n distinct 5-colorings. For the sphere the constant c is 152 , and for each other
surface, it is a ﬁnite problem to determine c. There is an analogous result for k-colorings for each natural number k > 5.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The chromatic polynomial P(G, k) was introduced by Birkhoff [1] in 1912. If G is a graph and k is a nonnegative
integer, then a k-coloring of a graph is a vertex-coloring where the colors are taken from the set {1, 2, . . . , k}, and
neighboring vertices get different colors. Permuting the colors gives rise to a new coloring. Not all colors in {1, 2, . . . , k}
are necessarily used. Then P(G, k) denotes the number of k-colorings of G. The chromatic polynomial was introduced
in order to understand the chromatic number better, speciﬁcally to solve the 4-color problem. The 4-color theorem
is equivalent to the statement that P(G, 4) is positive for every planar graph. An old (still unsettled) conjecture by
Birkhoff and Lewis [2] says that a planar graph has no chromatic root greater than or equal to 4. In fact, they proposed
the following stronger conjecture.
Conjecture 1.1. Let G be a planar graph on n vertices. Then, for each real number k4, P(G, k)k(k − 1)
(k − 2)(k − 3)n−3.
For general surfaces a similar result may hold. We denote by H(g) the largest chromatic number of a graph on a
surface of Euler genus g.
Conjecture 1.2. For each nonnegative integer g, there exists a positive constant (g) such that the following holds: let
G be a graph on n vertices embedded in a surface S of Euler genus g. If kH(g), then P(G, k)(g)(k − 3)n−3.
In the present paper we shall verify Conjecture 1.2 under the stronger conditions that k is a ﬁxed natural number and
n>n(g, k) (where n(g, k) is a natural number depending on k and the Euler genus g), but under the weaker condition
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that k(G). So, from now on, k is a natural number.All basic graph terms can be found in [8,3,4].All graph embedding
terms can be found in [8,5]. In particular, if C is a contractible cycle, then we distinguish between the interior Int(C)
where C is included and int(C) where C is not included. If G is a graph and H is a k-colored subgraph, then we say that
an uncolored vertex is joined to the colors of its neighbors, and we also say it can see those colors. If H ′ is a subgraph
of G containing H such that the coloring of H cannot be extended to a k-coloring of H ′, then we say that H ′ is an
obstruction.
The proof is based on the main result in [8]. In addition, we shall use Proposition 4.2 in [6] and also the proof of
Proposition 5.4 in [8].
2. Exponentially many k-colorings
It is a consequence of Euler’s formula that the number of k-colorings of a k-colorable graph with n vertices on a
surface S of (ﬁxed) Euler genus g increases exponentially as a function of n when k is ﬁxed and k5.
Theorem 2.1. Let k be a natural number 5, and let G be a k-colorable graph on n vertices embedded in a surface S
of Euler genus g. Then the number of k-colorings of G is at least 22((k−4)n+6−3g)/k(k−1).
Proof. Let e denote the number of edges of G. By Euler’s formula, e3n − 6 + 3g.
For a ﬁxed k-coloring, let ni be the number of vertices of color i. Let qi,j be the number of components in the graph
induced by the vertices of colors i, j , and let ei,j be the number of edges in this graph. Then ei,j + qi,j ni + nj for
any i, j such that 1 i < jk. Adding these inequalities gives (k − 1)ne +qi,j 3n− 6 + 3g +qi,j . Hence for
some i, j we have qi,j 2((k − 4)n + 6 − 3g)/k(k − 1). Interchanging colors in any collection of those components
results in a new coloring. 
The main purpose of this paper is to replace the constant 2−k(k−1)/2(k−4) in Theorem 2.1 by the best possible constant
which is k − 3. We begin with the planar case.
3. Exponentially many k-colorings of planar graphs and coloring obstructions
Birkhoff and Lewis [2] veriﬁed Conjecture 1.1 for k5. We shall need a slight reﬁnement of that. For the sake of
completeness we include a proof.
Theorem 3.1. Let k5 be a natural number. Let c be a k-coloring of a triangle C in a planar triangulation G with
n vertices. Then there are at least (k − 3)n−3 distinct k-colorings of G extending c. Moreover, if there are precisely
(k − 3)n−3 distinct k-colorings of G extending c, then G is obtained from C by successively inserting a vertex of degree
3 joined to a triangle of the current graph.
Proof. The proof is by induction on n. If G has a separating triangle, then the proof is easily completed by induction.
So we may assume that G has no separating triangle. In particular, every vertex of G has degree at least 4, and C is the
boundary of some face. We may assume that this is the outer face.
Assume ﬁrst that G has a vertex v in int(C) of degree 4 in G. Let v1v2v3v4v1 be the 4-cycle induced by the
neighbors of v. As G has no separating triangle, this 4-cycle cannot have two opposite vertices that are both in C.
Let G1 (respectively, G′1) be obtained from G − v by adding the edge v1v3 (respectively, identifying v1, v3). Let G2
(respectively, G′2) be obtained from G − v by adding the edge v2v4 (respectively, identifying v2, v4). Let a denote the
number of k-colorings extending c in G − v, such that v1, v3 have the same color, and v2, v4 have the same color.
Let b1 denote the number of k-colorings extending c in G − v, such that v1, v3 have the same color, and v2, v4 have
distinct colors. Let b2 denote the number of k-colorings extending c in G− v, such that v2, v4 have the same color, and
v1, v3 have distinct colors. Let d denote the number of k-colorings extending c in G − v, such that v1, v2, v3, v4 have
distinct colors.
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Applying the induction hypothesis to G1, we conclude that b2 + d(k − 3)n−4. Similarly, b1 + d(k − 3)n−4,
a + b1(k − 3)n−5, and a + b2(k − 3)n−5. Now the number of k-colorings of G extending c is (k − 2)a
+ (k − 3)b1 + (k − 3)b2 + (k − 4)d which is at least ((k − 3)2 + 1) · (k − 3)n−5.
Assume next that all vertices in int(C) have degree at least 5 in G. By Euler’s formula, G has a vertex v in int(C)
of degree 5 in G. Let C′ = v1v2v3v4v5v1 be the 5-cycle induced by the neighbors of v. This 5-cycle cannot have two
nonconsecutive vertices that are both in C. Let ai denote the number of k-colorings extending c in G − v, such that
vi, vi+2 have the same color and the other three colors of C′ are distinct, i = 1, . . . , 5 (where the indices are expressed
modulo 5). Let bi denote the number of k-colorings extending c in G − v, such that vi, vi+2 have the same color and
vi+1, vi+3 have the same color. Let d denote the number of k-colorings extending c in G − v, such that all neighbors
of v have distinct colors.
Applying the induction hypothesis to the graph obtained from G− v by identifying vi, vi+2 yields ai + bi + bi−1
(k − 3)n−5 for i = 1, . . . , 5. Applying the induction hypothesis to the graph obtained from G by contracting the edge
vvi−1 implies that d + bi + ai + ai+1 + ai+3(k − 3)n−4 for i = 1, . . . , 5.
Now the number of k-colorings of G extending c is (k − 4)(a1 + a2 + a3 + a4 + a5) + (k − 3)(b1 + b2 + b3
+ b4 + b5) + (k − 5)d which is at least ((k − 3)2 + 1) · (k − 3)n−5.
This completes the proof. 
For later purposes we note (and this is the aforementioned reﬁnement) that in the previous proof we gain a factor
> 1 when there is a vertex of degree 4 or 5 but no separating triangle. For example, for k = 5 we gain the factor 54 . For
notational convenience we now focus on the case k = 5. All arguments are valid for each k > 5 as well.
We ﬁrst strengthen a result in [8] on obstructions.
Theorem 3.2. Let c be a 5-coloring of the outer cycle C in a 2-connected plane graph G with n vertices and no
separating triangle. Assume that C is chordless and of length m and that c cannot be extended to a 5-coloring of G.
Then either G has a vertex joined to 5 consecutive vertices on C or else G contains a 2-connected induced subgraph
H with at most m2 vertices and with at most 2m2 facial cycles each of length at most m − 3.
Proof. Theorem 3.2 is almost identical to Proposition 5.4 in [8]. The only additional information given by Theorem 3.2
is that the facial cycles of H have length at most m− 3 as opposed to m− 1 in Proposition 5.4 in [8].We shall therefore
just repeat the proof of that proposition. We assume (reductio ad absurdum) that G is a smallest counterexample. By
Proposition 4.2 in [6] we may assume that m7.
At the beginning of the proof of Proposition 5.4 in [8] it is noted that C is a geodesic, that is, C is distance preserving
in G. This we cannot conclude here, and we shall not need it.
If int(C) has a vertex joined to all ﬁve colors on C, then either that vertex has ﬁve consecutive neighbors on C or
else it can play the role of H (together with C). So assume that int(C) has no vertex joined to all ﬁve colors on C.
Consider now the case where int(C) has a vertex v joined to two vertices on C whose distance on C is at least 3. We
shall later refer to this as part 1 of the proof. Using the same notation as in the proof of Proposition 5.4 in [8], we may
assume that v joined to x0 and xi where 3 im/2. If 5 i, then v can play the role of H (together with C). So assume
that 3 i4. The subgraph of G induced by C and v has one facial cycle of length m − 1 or m − 2 and the others
have length at most 6. We now color v in such a way that the coloring of each small facial cycle can be extended to its
interior. This is possible by Proposition 4.2 in [6]. Then we apply the induction hypothesis to the interior of the long
facial cycle. This completes the proof when 9m. If m = 8 we still have a problem if v joined to precisely x0 and x4.
But then v and its neighbors on C divide G into two graphs whose outer cycle is a hexagon. For each of these there is
a coloring of v such that the resulting coloring cannot be extended to the interior. (For otherwise it would be possible
to extend c to G.) By Proposition 4.2 in [6], int(G) contains (at most) seven vertices that triangulate int(G). If m = 7
we argue similarly. So we may assume that int(C) has no vertex v joined to two vertices on C whose distance on C is
at least 3. This completes part 1 of the proof.
We now follow the proof of Proposition 5.4 in [8]. As c cannot be extended to G, the 5-list-color theorem [7] implies
that int(C) has a vertex y0 joined to three consecutive vertices of C with distinct colors. As in [8] we call y0 an
augmentable vertex. As in [8] we add successively vertices building what in [8] is called a special path inside C. If we
get a vertex v which if joined to two vertices of distance at least 3 apart on the colored path, then we stop building the
special path the ﬁrst time this happens. That ensures that v has at most four colored neighbors, and therefore we can
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also color v. We complete the proof by repeating part 1 of the proof. If such a vertex v never appears, we complete the
proof as in the proof of Proposition 5.4 in [8]. We eventually reach a situation where there is no augmentable vertex.
Then the 5-list-color theorem implies that the current coloring can be extended to G, a contradiction which proves
Theorem 3.2. 
It is a consequence of Theorem 3.2 that either c can be extended or else there is a small obstruction. For this
consequence it is not needed that the graph in Theorem 3.2 has no separating triangles. For if such triangles exist we
could just delete their interiors before we try to extend c.
4. Exponentially many 5-colorings of graphs on a ﬁxed surface
We shall use the following Theorem 10.2 from [8]. It says that, for each g0, q > 0, m> 0, there exists a (large)
natural number (g, q,m) such that the following holds.
Theorem 4.1. Let S be a surface of Euler genus g. Let G be a graph on S with n vertices. Let c be a 5-coloring of a
subgraph H of G with m vertices and q components. Then G has a 5-coloring which extends c, or else G contains a
connected obstruction with at most (g, q,m) vertices.
In Theorem 10.2 in [8] it was not mentioned that the obstruction be connected. However, any relatively minimal
obstruction is clearly connected. Now let f (g, q,m) be a function which is strongly increasing in the lexicographic
ordering of g, q,m. More precisely, we assume the following inequalities:
(i0): f (g, q,m)> 210(g+q+m),
(i1): f (g, q,m)> (g, q,m),
(i2): f (g, q,m)>f (g − 1, q + 1,m + a) + a where a = 10(g, q,m + 10) + 10 000(m + g) (when g > 0),
(i3): f (g, q,m)>f (g, q − 1,m + a) + a where a = 10(g, q,m + 10) + 10 000(m + g) (when q > 0),
(i4): f (g, q,m)>f (g, q,m − 1)2m2 + m2 (when m> 1),
(i5): f (g, q,m)>f (g, q,m − 1) + f (0, q − 1,m) (when q > 1).
We are now ready for the main result. For technical reasons we consider multigraphs, that is, we allow multiple
edges. However, we do not allow facial cycles of length 2. Also, when we precolor a subgraph H, we assume that
each component of H has at least three vertices. Of course these conditions may be ignored once the theorem has been
proved. (For, if a facial cycle has length 2, we may delete one of its edges. And if a colored component has fewer than
three vertices, we may add one or two colored vertices of degree 1 joined only to that component.)
Theorem 4.2. Let S be a surface of Euler genus g. Let G be a 5-colorable multigraph on S with n vertices and with no
facial cycle of length 2. Let c be a 5-coloring of a subgraph H of G with m vertices and q components each of which
has at least three vertices. Assume that c can be extended to G. Then G has at least 2−(2m+2g−4)f (g,q,m) · 2n−m distinct
5-colorings which extend c. Moreover, if only one face of H contains (uncolored) vertices of G, then G has at least
2−f (g,q,m) · 2n−m distinct 5-colorings which extend c.
Proof. Suppose (reductio ad absurdum) that the theorem is false. Let G be a counterexample such that
(i) g is minimum, and
(ii) subject to (i), q is minimum, and
(iii) subject to (i) and (ii), m is minimum, and
(iv) subject to (i)–(iii), n is minimum, and
(v) subject to (i)–(iv), G has as many edges as possible.
Clearly, n − m>f (g, q,m) since otherwise the statement of the theorem is void (because c can be extended to G).
As H has at most 2m+ 2g − 4 faces, the latter coloring statement implies the former. The minimality of n then implies
that only one face of H contains (uncolored) vertices of G. The minimality of n also implies that H has no two vertices
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which have the same color and which are also on the boundary of the same face of G. (Otherwise, we could identify
these two vertices.)
The maximality of the number of edges implies that G is connected. (Otherwise, we could add an edge between
distinct components of G.)
The minimality of g implies that
H has no noncontractible cycle. (1)
Proof of (1): Suppose (reductio ad absurdum) that H has a noncontractible cycle C. Then we cut G and the surface S
along C. The resulting graph G′ has at most n + m vertices, and the resulting precolored subgraph H ′ has at most 2m
vertices and q+1 components.Theminimality of g then implies that the coloring ofH ′ has at least 2−f (g−1,q+1,2m)2n−m
distinct extensions to G′. These colorings are also distinct extensions of c to G. However, then the inequality (i2)
contradicts the assumption that G is a counterexample to the theorem.
G has no noncontractible cycle of length less than 10(g, q,m + 10)
+ 10 000(m + g) and no path of length less than 10(g, q,m + 10)
+ 10 000(m + g) joining distinct components of H . (2)
Proof of (2): Suppose (reductio ad absurdum) that (2) is false. If g1, we let M1 denote a shortest noncontractible
cycle ofG. If q2,we letM2 denote a shortest path connecting twodistinct components ofH. LetM denote the shorter of
M1,M2. Letadenote the length ofM.The assumption that (2) is false implies thata < 10(g, q,m+10)+10 000(m+g).
The coloring c can be extended to a 5-coloring ofG. Let c′ denote the restriction of that 5-coloring toH ∪M . IfM=M1
then the number of extensions of c′ to G is at least 2−f (g−1,q+1,m+a)2n−m−a . If M =M2 then the number of extensions
of c′ to G is at least 2−f (g,q−1,m+a)2n−m−a . In either case, the inequalities (i2) and (i3) imply that the number of
extensions of c′ to G is at least 2−f (g,q,m)2n−m, a contradiction which proves (2).
G is a triangulation of S. (3)
Proof of (3): Suppose (reductio ad absurdum) that x, y, z are distinct consecutive vertices on a facial walk of length
at least 4. If x, z are both inH and have the same color, then we identify x, z and obtain a contradiction to the minimality
of n. Otherwise we add the edge xz and obtain a contradiction to the maximality of the number of edges of G unless we
create an obstruction. By Theorem 4.1 we may assume that this obstruction R is connected and has at most (g, q,m)
vertices. By (2), R is planar and contains at most one (and hence precisely one) component H ′ of H. By Theorem 3.2,
R can be chosen such that it has at most m2 vertices and at most 2m2 facial walks each of length at most m′ − 3 where
m′ is the number of vertices of H ′. We delete the edge xz. We add to H ′ the path xyz if it is not already present and
modify thereby H ′ into H ′′, say. Now we complete the proof by applying the minimality of G to each component of
G − H ′′. Each such component can see at most m − 1 precolored vertices. (More precisely, it can see a colored facial
walk of H ′′ with at most m − 1 edges. We may think of this walk as a cycle with at most m − 1 vertices.) Therefore
the inequality (i4) implies that G has the desired number of colorings, a contradiction which proves (3).
G has no separating cycle of length 2 or 3 which is disjoint from H . (4)
Proof of (4): Suppose (reductio ad absurdum) that C′ is a separating cycle of length 2 or 3 in G disjoint from H.
By (2), C′ is contractible.
If int(C′) is disjoint from H, then the minimality of n ensures that G− int(C′) has the desired number of 5-colorings
extending c. By Theorem 3.1, these colorings can be extended to the desired number of 5-colorings of G. So, int(C′)
is not disjoint from H.
If ext(C′) is disjoint from H, then we argue similarly except that now we ﬁrst color Int(C′). If m = 3, we use
Theorem 3.1. If m> 3, we use the minimality of n, and then we use the inequality (i4) when we color Ext(C′). So we
may assume that both int(C′) and ext(C′) intersect H.
By (2), either all components of H in int(C′) have distance > (g, q,m) from C′, or else all components of H in
ext(C′) have distance> (g, q,m) fromC′. In the latter case the coloring ofH ∩ int(C′) can be extended toG−ext(C′)
in at least 2−f (0,q−1,m−3)2(n−n′−m) ways (where n′ is the number of uncolored vertices in ext(C′)). If there are precisely
three precolored vertices in int(C′), then this number can be replaced by 2(n−n′−m) by Theorem 3.1. By Theorem 4.1,
each of these colorings can be extended to ext(C′), and by the minimality of n each of them can be extended in at
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least 2−f (g,q,m)2n′ ways. (It is here important that each component of H has at least three vertices.) If there are more
than three precolored vertices in int(C′), then this number can be replaced by 2−f (g,q,m−1)2n′ . Now the inequality (i5)
implies that c can be extended to the desired number of 5-colorings of G, a contradiction which proves (4).
In the former case we argue similarly. This completes the proof of (4).
If v is an uncolored vertex, then d(v)4. (5)
Proof of (5): If d(v)< 4, then the minimality of G implies that G − v has at least 2−f (g,q,m)2n−1−m distinct
5-colorings which extend c. Each of these has at least two extensions to G, a contradiction to the assumption that G is
a counterexample to the theorem.
If v is an uncolored vertex, such that 4d(v)5, then either
v has at least two neighbors in H, or else G has a path of
length 3 which contains v and joins two vertices in H of the
same color. (6)
Proof of (6): Suppose (reductio ad absurdum) that (6) is false. Then we repeat the proof of Theorem 3.1 and obtain
a contradiction. Note that the vertex identiﬁcations in that proof are possible unless we create an edge between two
vertices in H of the same color. The only problem that might occur is that (when repeating the proof of Theorem 3.1)
we encounter a graph G′ with n− 1 or n− 2 vertices such that the coloring c cannot be extended to G′. Then we apply
Theorem 4.1 to G′, c. This results in a connected obstruction H ′ with at most (g, q,m) vertices. Then H ′ contains the
two vertices in G which are identiﬁed to one vertex in G′. Let H1 denote the connected subgraph in G which contains
the vertices of H and also the vertex of degree 4 or 5 which was deleted before we constructed G′. By (2), H1 contains
only one component H2 of H. By Theorem 3.2, H ′ can be chosen such that all facial cycles have length at most m − 3
in H ′ and hence at most m − 1 in H1. Then, we let c1 denote an extension of c to H1 which can be extended to G. As
each uncolored component can now see fewer than m colored vertices, we apply the minimality of G to each face of
H1. Now the inequality (i4) implies that c can be extended to the desired number of 5-colorings of G, a contradiction
which proves (6).
g = 0 and q = 1. (7)
Proof of (7): Suppose (reductio ad absurdum) that either g1 or q2 or both. If g1, we let M1 denote a shortest
noncontractible cycle of G. If q2, we let M2 denote a shortest path connecting two distinct components of H. Let M
denote the shorter of M1,M2. Let a denote the length of M. By (2), a10(g, q,m + 10) + 10 000(m + g). Let H ′
denote the subgraph of G obtained from H by adding all vertices which are joined to at least two vertices of H and also
all those paths of length 3 which join two vertices of H and which have the same color. By (5),(6), all vertices of G
and not in H ′ have degree at least 6. As M is long it contains a path P with at least 10 000(m+ g) vertices all of whom
have distance at least 2(g, q,m + 10) to the colored subgraph. This path P is a geodesic.
Let Q be the subgraph of H ′ which is induced by those vertices of H ′ which are joined by an edge to the component
R′ of G − H ′ that contains P. Note that H ′ may be large compared to H. But Q is not. The number of edges in H is
at most 3m − 6 because H is planar. It is easy to see that the number of vertices in Q, which we denote by m1, is less
than 6m. Let R denote the subgraph of G induced by R′ ∪ Q. Let n1 be the number of vertices in R′. Let t denote the
number of vertices in R′ which have degree at least 7 in G. By Euler’s formula, the number of edges in R is at most
3(n1 + m1) − 6 + 3g. By counting degrees in R′ the number of edges in R is at least (6n1 + t)/2. Hence, t is less
than 36m + 12g. Hence P has a vertex v such that all vertices in G of distance < 100 from v have degree 6 in G. Let
v1v2v3v4v5v6v1 be the 6-cycle surrounding v where the indices are expressed modulo 6. LetGi be obtained fromG−v
by identifying vi+1 and vi−1 and also identifying vi+2 and vi−2. Let ai denote the number of 5-colorings extending c
in Gi , such that vi, vi+1, vi+2, vi+3 have at least three colors. Let b denote the number of 5-colorings extending c in
G − v, such that v1, v2, v3, v4, v5, v6 have only two colors.
The coloring c can be extended to a 5-coloring of each of the graphs Gi , i = 1, 2, 3. For otherwise, some Gi would
have a connected obstruction with at most (g, q,m + 10) vertices. That obstruction would contain at least one of the
vertices vi, vi+1, vi+2, vi+3. By (2), the obstruction would be planar, and as v has large distance to H, the obstruction
contains no precolored vertex. This contradicts the 5-color theorem for planar graphs.
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The minimality ofG implies thatGi is not a counterexample to Theorem 4.2. Therefore, ai +b2−f (g,q,m) ·2n−3−m
for i = 1, 2, 3. Now the number of 5-colorings of G extending c is at least a1 + a2 + a3 + 3b which is at least
3
8 · 2−f (g,q,m) · 2n−m. This is not sufﬁcient because of the factor 38 . As Gi has two vertices vi, vi+3 of degree 4, we
can repeat the proof of Theorem 3.1 for each of these vertices. Each time we gain a factor 54 as mentioned after the
proof of Theorem 3.1. This creates a new vertex of degree < 6. So we repeat the argument six times. As ( 54 )
6 > 83 ,
this will complete the proof. We shall now argue why the argument can be repeated six times. We need not worry by
encountering an obstruction for extending c by the argument in a preceding paragraph. If we encounter a separating
triangle with only one vertex in its interior, then we delete that vertex. If we encounter a separating triangle with at least
two vertices in its interior, then we can ﬁnd a vertex of degree < 6 in its interior which is not contained in a separating
triangle. In a planar triangulation the sum of the numbers d(x) − 6 taken over all vertices x is always −12, by Euler’s
formula. Hence, the only problem we could encounter is that all vertices close to v in some graph that we construct
have degrees 6. However, it is easy (though a little tedious) to give an ad hoc argument that this cannot happen in six
steps if we make the ﬁrst reduction at v1 and then make the next reduction at v4. (In the proof of Theorem 5.3 below
we give a more satisfactory proof which is longer, though.)
This completes the proof of (7).
We are left with the case that G is planar and has just one precolored component H. We have previously noted that
G − H is connected. This means that we may think of G as a near-triangulation with outer cycle H = u1u2 . . . umu1.
(We modify the conditions (iii)–(v) at the beginning of the proof. We still assume that m and n are minimum, but now
under the assumption that G is a near-triangulation with outer cycle H.) Note that now G has no multiple edges by the
proof of (4).
H is a geodesic. (8)
Proof of (8): Suppose (reductio ad absurdum) that (8) is false. Let P be a path connecting two vertices of H showing
that H is not a geodesic. Let c1 denote an extension of c to H ∪ P which can be extended to G. As each uncolored
component can now see fewer than m colored vertices, we apply the minimality of G to obtain a contradiction which
proves (8).
G has no uncolored vertex which is joined to three or more colored vertices. (9)
Proof of (9): Suppose (reductio ad absurdum) that (9) is false. Let v be a vertex joined to at least three vertices in
H. By (8), these three vertices are consecutive on H, and v is joined to precisely these three vertices in H. Now we can
color v in at least two different ways, and then we apply the minimality of G to the resulting graph and obtain thereby
a contradiction. The only problem is that perhaps one of the colorings cannot be extended to G. But then we apply
Theorem 3.2 in the same way as in the proof of (3). This proves (9).
If v is a vertex in G − H which in G has degree 4, and v1v2v3v4v1
is the 4-cycle induced by the neighbors of v, then the notation
can be chosen such that v1, v2 are consecutive vertices on H ,
say v1 = ui, v2 = ui+1, v3, v4 are not on H, v4 is joined to ui−1,
and v3 is joined to ui+2. Moreover, ui+1, ui−1 have the same color,
and ui, ui+2 have the same color. (10)
Proof of (10): Suppose (reductio ad absurdum) that (10) is false.
Then the 4-cycle v1v2v3v4v1 has two opposite vertices, say v1, v3 that can be identiﬁed in G − v such that the
resulting graph G1 has a 5-coloring extending c. We may assume that v2, v4 cannot be identiﬁed in G − v such that
the resulting graph G2 has a 5-coloring extending c since otherwise we just repeat the proof of Theorem 3.1. So one of
v2, v4 is precolored, and the other has a neighbor with that color. We now apply the minimality of G to the two graphs
G1 and G − v + v1v3. The same argument as in the proof of Theorem 3.1 then shows that G has the desired number
of colorings, a contradiction which proves (10).
We are now ready for the ﬁnal contradiction. We let H1 denote the cycle obtained from H by replacing each path
of the form ui−1uiui+1ui+2 in (10) by ui−1v4v3ui+2. Note that H1 has the same length, namely m, as H. Then all
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vertices in the interior of H1 have degree at least 5. As that interior has at least f (0, 1,m) vertices, it has a vertex v
which has degree 5 and has only one neighbor, say v1 = u1, on H1. Let the other neighbors of v be v2, v3, v4, v5 in
anticlockwise order. Then we may assume that v3 is joined to one of u2, u3, u4. We consider only the case where v3
is joined to u4 but not to any of u2, u3 (the other two cases are similar and easier) and that v2 is in the interior of the
cycle R : =v3vu1u2u3u4v3. We choose v such that the interior of R has a few vertices as possible. Now v2 is joined
to three consecutive vertices of R, perhaps also to u2. There may also be a vertex in the interior of R which is joined
to the vertices u3, u4, v3. All other vertices in the interior of R has at most two neighbors on R. Now (10) implies that
all vertices in the interior of R have degree at least 5. Then Euler’s formula easily implies that the interior of R has a
vertex of degree at most 5 having only one neighbor on R. This vertex contradicts the minimality property of v. This
contradiction ﬁnally completes the proof of Theorem 4.2. 
Let S be a surface of Euler genus g. Let G be a 5-colorable multigraph on S with n vertices and with no facial cycle
of length 2. Let c be a 5-coloring of a subgraph H of G with m vertices and q components each of which has at least
three vertices. We consider the number of 5-colorings of G which extend c and we divide that number by 2n−m. We let
(g, q,m) denote the minimum of these numbers taken over all graphs on S with n vertices where nf (g, q,m)+m.
The proof of Theorem 4.2 shows that the constant 2−f (g,q,m) can be replaced by (g, q,m).
With a slight abuse of notation we put (g, 5) = 5 · 4 · 3 · (g, 1, 3). Then we have:
Theorem 4.3. Let S be a surface of Euler genus g. Let G be a 5-colorable multigraph on S with n vertices. Then G has
at least (g, 5) · 2n distinct 5-colorings. Moreover, for each nf (g, 1, 3) + 3, there exists a graph with n vertices on
S having precisely (g, 5) · 2n distinct 5-colorings.
Proof. The ﬁrst part of the proof is just a special case of the statement preceding it. The factor 5 · 4 · 3 is the
number of 5-colorings of a triangle. The graph which deﬁnes (g, 5) is clearly a triangulation (possibly with nonfacial
cycles of length 2). If we successively add vertices of degree 3 in the faces we demonstrate the last statement in
Theorem 4.3. 
5. Inﬁnite 6-regular planar triangulations and exponentially many k-colorings of graphs on a ﬁxed surface
We ﬁrst investigate inﬁnite 6-regular planar triangulations. We shall make use of the following observation: Euler’s
formula implies that if a ﬁnite planar graph has a cycle of length t such that all vertices inside C have degree at least 6,
then there are at most 2t − 6 edges from C to its interior.
Now letT6 denote the inﬁnite 6-regular triangulation of the plane obtained fromavertexx0 by adding concentric cycles
C1, C2, . . . of lengths 6, 12, 18, . . . and edges between Ci, Ci+1, i = 0, 1, . . . . There is only one way of constructing
this T6.
Theorem 5.1. Let T be an inﬁnite 6-regular triangulation of the plane such that the interior of every cycle is ﬁnite.
Let y0 be a vertex in T and let D1,D2, . . . be the distance classes from y0. Then there is an isomorphism of T6 onto T
taking Ci onto Di for each i1.
Proof. Suppose a partial isomorphism has been deﬁned on x0, C1, C2, . . . , Ci except that possibly the cycle Di
may have a chord. For each edge of Di there is a vertex outside Di which is joined to the two ends of the edge.
In addition there are six more edges going out from Di . If all these new vertices outside Di are distinct and also
Di is chordless, then the partial isomorphism can be extended to Ci+1. So we may assume that this is not the
case. Then we can ﬁnd a chordless cycle C in T of length t, say, such that the interior of C is ﬁnite, and all ver-
tices of C except possibly four have at least two neighbors inside C, and the exceptional (at most) four vertices
have at least one neighbor inside C. However, this is impossible since there are at most 2t − 6 edges from C to its
interior. 
Theorem 5.2. Let T be an inﬁnite 6-regular triangulation of the plane obtained from T6 by replacing the interior
of some Cq by a planar graph. The cycle in T corresponding to Ci is denoted Di for each iq. Then there is an
isomorphism of T6 onto T taking Ci onto Di for each iq.
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Proof. We repeat the proof of Theorem 5.1 except that we now assume that a partial isomorphism has been deﬁned
on Ci, Ci+1, . . . except that possibly the cycle Di may have a chord. As in the proof of Theorem 5.1, we extend that
partial isomorphism to Ci−1. 
It is easy to delete inﬁnitely many edges and contract inﬁnitely many edges in T6 such that the resulting graph is
isomorphic to T6. (Perhaps the easiest way to see this is to show that the dual graph of T6, the hexagonal tiling of
the plane, has a proper subgraph which is a subdivision of the hexagonal tiling.) Theorem 5.2 implies that this is not
possible if only ﬁnitely many deletions and contractions are allowed (unless we contract and delete no edges at all).
However, our main application of Theorem 5.2 is an extension of Theorem 4.3.
Theorem 5.3. For each nonnegative integer g and each natural number k, there exists a positive constant (g, k) and
a natural number n(g, k) such that the following holds: let G be a graph on n vertices embedded in a surface S of Euler
genus g. If nn(g, k) and k is a natural number such that k(G), then P(G, k)(g, k)(k − 3)n−3.
Proof. We repeat the proofs of Theorems 4.2 and 4.3 to obtain constants (g, 5), (g, 6), . . . . We shall now argue why
all the proofs for k = 5 extend to the case where k > 5. The main result in [8] says that there are only ﬁnitely many
5-color-critical graphs on each ﬁxed surface. The analogous result for k > 5 is much easier. Also Theorem 3.2 becomes
much easier for each ﬁxed k > 5. The only problem is the proof of (7) where we gave an ad hoc argument for the case
k = 5. We now use Theorems 5.1 and 5.2 instead. The proof of Theorem 5.1 says that the vertex v in G (introduced in
the proof of (7)) and its 100 distance classes agree with x0 and its 100 distance classes in T6. Thus, the reduction in
the proof of (7) can in fact be continued almost 50 times because Theorem 5.2 says that we can always ﬁnd a vertex of
degree at most 5.
For each k>5, we replace the number 100 by a larger constant because the factor we gain in the proof of Theorem 3.1
is less than the factor 54 which we gain for k = 5. 
6. Open problems: list-colorings
Perhaps some of the result in this paper can be extended to list-colorings. If G is a graph and for each vertex v we
assign a list L(v) of possible colors to v, then an L-coloring of G is a coloring of its vertices such that neighboring
vertices get different colors and each vertex receives a color from its list. We say that G is k-list-color-critical if L can
be chosen such that each list has k-colors, G is not L-colorable but every proper subgraph is.
I have recently proved the following.
Theorem 6.1. There exists a constant > 1 such that for any planar graph G and any list assignment L with ﬁve colors
in each list, G has at least n distinct L-colorings.
If we follow the strategy of the present paper in an attempt to extend the main results to list-colorings of graphs on
higher surfaces, then the following might be useful.
Conjecture 6.1. For each surface S, there are only ﬁnitely many list-color-critical graphs with ﬁve colors in each
list on S.
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